3004 M. J.

D, I. Bardos, J. L. Beeby, and A. T. Aldred, Phys.
Rev. 177, 878 (1969).

fFor a review, see T. M. Srinivasan, H. Claus, R.
Viswanathan, P. A. Beck, and D. I. Bardos, in Phase
Stability in Metals and Alloys, edited by P. S. Rudman,
J. Stringer, and R. 1. Jaffee (McGraw-Hill, New York,
1967).

PHYSICAL REVIEW B VOLUME 2,

BESNUS AND A. J. P. MEYER

NUMBER 8

Do

TA. Herr, thesis, Strasbourg, 1970 (unpublished).

8A. J. P. Meyer, Compt. Rend. 265, 448 (1967).

%J. Friedel, Nuovo Cimento Suppl. 7, 287 (1958).

193, L. Beeby, Phys. Rev. 141, 781 (1966).

Upor a recent review, see A. Hahn and E. P. Wohl-
farth, Helv. Phys. Acta 41, 857 (1968).

15 OCTOBER 1970

Structural Aspects of the Electrical Resistivity of Binary Alloys*

A. B. Bhatia and D. E. Thornton
Theovetical Physics Institute and Physics Depavtment, University of Alberta, Edwonton, Canada
(Received 19 June 1970)

Using the weak scattering approximation and the Van Hove correlation-function technique,
it is shown that the scattering function for a binary alloy (solid or liquid) is quite generally
expressible in terms of three structure factors Syy(@, Syc@, and Scc@) constructed from
the Fourier transforms of the local number density and concentration in the alloy. These

structure factors have the property that at temperatures above the Debye temperature and in
the long-wavelength limit (g — 0), Syy(0) and S;-(0) represent, respectively, the mean square
thermal fluctuations in the particle number and concentration, and Sy-(0) the correlation be-
tween these two fluctuations. Thermodynamic formulas for these fluctuations are given and
their concentration and temperature dependence examined for various types of mixtures (reg-
ular, order-disorder type, athermal, etc.). It is concluded that the present formalism,
because of its ready link with the thermodynamic properties of the alloy, can be helpful in
interpreting the various experimental data and provides useful insight into the partial struc-

ture factors introduced in the Faber-Ziman theory of liquid alloys.

I. INTRODUCTION

In the current treatment of the problem of elec-
trical conductivity of metals (liquid or solid), the
relevant scattering function describing the scattering
of electrons is given by the product of two factors:
a structure factor which depends only on the rela-
tive positions of the ions in the metal, and the atom
form factor or the pseudopotential matrix element
which describes the scattering due to the individual
ions in the metal.'™® The method depends on as-
suming that the total potential, responsible for
scattering, in the metal may be written as the sum
of the potentials due to individual ions in the metal
and that it can be regarded as weak. Faber and
Ziman® (FZ) have generalized this approach to dis-
cuss the electrical resistivity of liquid alloys. For
a binary alloy the scattering function depends upon,
in general, three independent partial structure
factors which completely describe the structure of
the alloy and the two form factors.

The transport properties of alloys have also been
discussed on another, and seemingly unrelated,
approach which is valid in the long-wavelength limit
and which attributes the scattering of electrons -
in analogy with the well-known theories”® of light

scattering in liquids and liquid mixtures - to the
local thermal fluctuations in the density and con-
centration of the alloy. In particular, Krishnan
and Bhatia® showed that the observed strong tem-
perature dependence of the resistivity of an order-
disorder type of alloy near its critical point may
be attributed to the corresponding temperature de-
pendence of the concentration fluctuations. A some-
what similar approach has been recently suggested
by Takeuchi and Endo'® for liquid alloys; see also
Tomlinson and Lichter. !

The work of the present paper may, in a sense,
be regarded as constituting a generalization of the
above fluctuation approach so that it is applicable
at shorter wavelengths and low temperatures. It
is shown that in the aforementioned weak scattering
approximation, the scattering function for a binary
alloy (solid or liquid) is quite generally expressible
in terms of three structure factors Syy(q), Syc(Q),
and S¢(Q), which are derived from the Fourier
transforms of the local number density and concen-
tration of the alloy. For liquid alloys and for solids
above the Debye temperature, these structure fac-
tors have the property that in the long-wavelength
limit (g—0), Syx(0) and S (0) represent, respec-
tively, the mean square fluctuations in the particle
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number and concentration, and Sy-(0) the correla-
tion between these two fluctuations. Since all these
three quantities are readily calculated from the
thermodynamic properties of the alloys, the present
formalism provides useful insight into the various
structure factors. This is illustrated in the text
by consideration of various types of solutions,
namely, ideal, order-disorder, athermal, etc.
Using the Van Hove correlation-function tech-
nique, ' the general expressions (and their high-
temperature limits) for the scattering function and
the structure factors Syy(9), etc., are given in
Sec. II. In the remainder of the paper we confine
our discussion to the high-temperature case only.
In Sec. IIl, we consider the long-wavelength limit
and use the appropriate thermodynamic formulas
to discuss the limiting forms of the structure fac-
tors Syy(Q), etc., for various types of mixtures.
Finally, a comparison between the partial struc-
ture factors of the FZ theory® and the structure
factors introduced here is given in Sec. IV.

II. SCATTERING FUNCTION

In the weak scattering approximation, the func-
tion, here denoted by I'(q, w), which determines
the scattering of an electron from the initial wave-
vector state k to the final wave-vector state k’ in
the alloy, is given by'%1®

r(q, “’)“zN fe"‘”dt(A*(a, 0A(G, 1), (1)
where

A =2, W, (g)e ¥R ()
2

a=§ -—T(', iw=FE3—Eg
A'(q, 0) is the conjugate of the operator A(q, 0), N
is the total number of atoms in the crystal, -ﬁj(t)
the position operator of the atom j at time #, and
(++.) denotes ensemble average in the equilibrium
state of the alloy. Further, W;(q) is the pseudo-
potential matrlx element of the ion j in the alloy,
i.e., if V; = R,) is the effective potential due to
the jth ion centered at R,,
Wiq)=[ e F-FEDy (F-R a%r .

We take, for convenience, W,(q) to be real and a
function of ¢(=1q!) only. For a pure metal, all
Wi(q) are equal, and I'(3q, w)= 1 W(q)I25(q, w),
where S(q, w) is the dynamical structure factor in-
troduced by Van Hove. 2

T( ?1, w) is related to the resistivity of the alloy
in the same manner as it is for the case of a pure
metal. *=1% Remembering our definitions of § and
w, if we set
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r(qy w)dwy 6— (3)

4
1@-f" 5 —
where k5 is the Boltzmann constant and 7' the tem-
perature, then the resistivity p is given by

127r(m*)2 Nf L(g) x* dx | (@)

where x =q/2kp, kp is the wave number of the elec-
trons at the Fermi surface, m* the electron effec-
tive mass, and V the volume of the system. Ina
solid, I(q) depends, in general, on the direction of
4, and I,(¢) in (4) represents a suitable average of
I(Q) (minus elastic Bragg scattering, if any) over
all directions of q.

Consider now a binary alloy having N,, a=1, 2,
atoms of the type «, and let 7, =N, /V be the mean
number density of @ ions. We define the average
concentration ¢ by

c=N;/(Ny+Ny)=N, /N=7, /(7 +%5) . (5)
If n, (T, t) denote the number density operator at
time ¢ for the species @, then

ony (T, t)=my (T, 1) —7y
= —Tig+ 20 -REW). (6)

Making the Fourier expansion

on (F, 1)= (1/V) D3 Ny (G, 1) 7 (7)
N, (G, t)=fe‘a';5na(?, t)d %
=25,eRI® N 5. (8)

The reality of on, (T, t) requires that Ni(q, ¢)
=N,(-q,t). Similarly, if N(3, ¢) denotes the Fou-
rier transform of the local deviation &n(T, ) in the
total number density

n(F, t)=ny(T, ) +ny(T, 1) ,

then
NG )= 2 et TFY _Nog
ja=1,2
=N,(Q, ) +Nx(T, 2) . ©)

We next define the local deviation from the mean
concentration ¢ by

8c(F, £)=(V/N)[(1 —¢) ony(F, 1) —cony(F, )], (10)

so that if d», and 6n, change in proportion to their
respective mean concentration, namely, ¢ and

(1 -c¢), then 6¢c(T, t)=0, as it should. If we make
the Fourier expansion
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sc(F, )= 3 C(§, He ™, C'(§, 1)=C(-§,1),
(11)
then

C(G, 1)=/V) [ sc(F, 'S Fady
= (N'l)[(l —C)N1(a, t) —ch(a’ t)] . (12)

With the help of (8), (9), and (12), the expression
(2) for A(Q, t) may be written as

A(Q, t)=W,N,(q, t) +W,N,(1, t) , (13)
or as
A(Q, )=WN(G, )+ (W, - W)NC(Q, 1),  (14)
where
w,=W,(q), etc.,
and
W=cW,+(1-c)W, .

In (13) and (14), we have ignored terms involving
83,0, since they contribute to the scattering in the
forward direction only, and their presence or ab-
sence does not affect the resistivity.

Substituting (14) into (1), we may write I'(q, w)
in the form

F(ﬁ, w)= (W)ZSNN(E’ w)+ (W - Wz)ascc (?1, w)
+2W (W, "Wz)szvc(a, w), (15)
where

Sw(d, w)=(1/20N) [ et ar(N'(q, 0)N(G, 1)) ,

Sco(d, w)=W/2m) [ et at(C'(§, 0)C(§, 1)) ,

2Syc(q, w)=(1/21) [ et at(N"(§, 0)C(3, t)
+C'(Q, ON(G, t)) . (16)

The functions Syy(q, w), etc., may be called the
dynamical structure factors for the alloy. Of these
Syx(4, w) is similar to the S(q, w) for a pure metal
since it is, like S(§, w), associated with the fluc-
tuations in the number density of the ions.

If one now introduces

Sun(@) = [ [Bw/ (™ =1)]8yy (&, w)dw ,  (17)

with similar expressions for Sco(q) and Syo(3), the
expression (3) for I(§) becomes

I(Q) = (W)2Syy (Q) + (Wy = W,)2S0c (Q)
+2W (W, = W) Syc(Q) - (18)

This is the expression for I(§) that we had wished
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to derive. It is valid at all temperatures and ap-
plicable to both solids and liquids. In accordance
with the remarks made in Sec. I, we confine further
discussion in this paper to the case of high tem-
peratures only.

At temperatures above the Debye temperature,
the scattering may be considered to be elastic,
i.e., pw(=%w/kyT)<<1, for all w for which
Syy(q, w), etc., are significantly different from
zero. Then the factor Bw(e®® ~1)"! in (17) may be
replaced by unity, and since

J et dw =275(2)

we see from (16) and (17) that the structure factors
Syy(Q), etc., may be written as

Syn(Q)=NUN*(QYN®T)) ,

Scc(@=N(C*(QC(I) , (19)
and
Syc(Q) =Re(N*(Q C(Q)) ,

where all the N(q) and C(§) now refer to the same
time and hence need not be considered as quantum
operators, and the asterisk represents the complex
conjugate. For a liquid, from symmetry, all the
structure factors Sy,(d), etc., depend on the mag-
nitude ¢ of q only.

It is interesting to note that the structure factors
defined in (19) obey certain sum rules. We have
from (19) and (9)

Sys(@ =N |22 e¥Fm ~N&3,0 2)
m
“NYUT ei&-(ﬁm-ﬁn)> ~No30
m,n

=N T T 8(F =R, +R,) d% - Nog o

=1+N" [T 7 8(F R, +R,))d% - Nb3 0 .

m#n
fé(?)

x{ 2 8(F-R,+R))d%, (20)

m#n

Hence,

Z |

F (@ -1]=-F +

where we have used the relation

1 @iy _ 1 Qe (RN 3
% ? e =@’ e d°q

=5(F-7"). (21)
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The integral on the right-hand side of (20) is ob-

viously zero. Hence,
1 2 1 = gt - Y
7 2 Sun@ ~11=p5 55 [ ISw(@ - D] g =-7 .
(22)
Similarly, one may show that
f[scc(a)—c(l—c)]danO ’ (23)
S Sxe(@)d%=o0. (24)

III. LONG-WAVELENGTH LIMIT OF STRUCTURE
FACTORS

From the definitions (9) and (12) of N(q) and C(9),
respectively, it is easy to see that as ¢—- 0, the
structure factors defined in (19) have simple phys-
ical meaning, namely,

Syn(0)=((AN)?)/N , Scc(0)=N{(ac)?) ,

Syc(0)=(ANAC) . (25)

In (25), {((AN)?) is the mean square fluctuation in
the number of particles in the volume V of the me-
dium, ((Ac)?), the mean square fluctuation in the
concentration, Ac being defined by

Ac=N"[(1-c) AN, -cAN,] ,

and (ANAc) is the correlation between the two fluc-
tuations Ac and AN=AN; + AN,.

The expressions for the fluctuations in any set of
thermodynamic variables are readily derived from
standard arguments in statistical thermodyna-
mics.®'!" For the right-hand sides of (25), one
obtains (the derivation is outlined in the Appendix)

982G .
ch (O):NkBT/(?>T’P’N 3 (26)
Syw(0)= (N/V) kg Ty + 82550(0) , 27)
S e (0)= = 85S¢ (0) , (28)

where K is the isothermal compressibility, G is
the Gibbs free energy, P is the pressure, and 6 is
a dilatation factor defined by
V1 — Vg N g
= o+ A-c)v, =7 Wi-v2), (29)
where v, and v, are the partial molar volumes per
atom of the two species.

For 6=0, Egs. (26)—(28) reduce to those given
by Krishnan and Bhatia® who assumed at the outset
that in a solid solution the correlations between the
fluctuations in particle number and concentration
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may be neglected (Syc =0). As might be expected
intuitively, we see from (29) that the condition for
this is that the partial molar volumes v, and v, of
the two species be equal. For a solid solution
whose constituents are miscible in all proportions,
6 is usually small so that Sy-= 0 is a reasonable
approximation for such solutions. It may be noted
that when =0, Syy(0) has the form corresponding
to a pure metal, namely,

Syn(0)=(N/V)ksTky .

We shall see later that when 6=0, Syc-(g) may be
expected to be zero for all g; hence, for this case,
only two independent structure factors are needed
to describe the structure of the alloy completely.

Next it is instructive to examine the forms of
Scc(0) on the basis of some simple theoretical ex-
pressions for G for different types of solutions.
First we recall that for a solid or liquid solution
G, to a good approximation (except, perhaps, near
the critical point of a phase transition), may be
written as!®

G=N[cu?(15, T)+(1-c)pdP, T)]+4,G, (30)

where p9 and u are the chemical potentials of the
two pure species and A, G is the free energy of
mixing (arising from the entropy and energy of
mixing). Further, A,G~A,F, where A,F is the
Helmoltz free energy due to mixing — which is the
quantity that is usually evaluated theoretically. We
note that the terms in the square brackets in (30)
do not contribute to S (0).

First we consider the class of solutions known
generally as regular solutions. A regular solution,
by definition, is one in which 6 is small [ | (v, —v,)/
v, | not more than 0.3 or 0.4]. For such a solution
with no superlattice structure A, F in the zeroth
approximation is given by!®

A,G~ A, F=NkgT[cInc+(1 —c)In(l -c)]
-Ne(l-c)w, (31)

where w is an interchange energy such that if we
start with two pure metals A and B and exchange
an interior A atom with an interior B atom, the
total decrvease in the energy of the metals is 2w.
(Note that our w is negative of the w defined in
Chap. 3 of Ref. 18.) Using (30) and (31) in (26),
one has

c(l-c)
1+2c(1 =c)w/(gT) °

Scc(0) = (32)

For an ideal solution (w=0), Sgc(0)=c(1 =¢). This
corresponds to random solutions and gives the re-
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sistivity due to alloying as proportional to c(1 —c¢)
and independent of temperature (Nordheim’s rule'®).

If w is negative, the solution has a critical point
of mixing, the critical temperature T, being given
by T,n=% lwl/kg. Near this point Sgc(0) and hence
the fluctuations in concentration become very large.
Although the expression (31) for free energy is too
simple to adequately describe partially miscible
liquids and the thermodynamic theory of fluctuations
breaks down near the critical point, the above ar-
gument nonetheless suggests that the resistivity-
versus-temperature curve should, in general, show
a cusplike rise near T, in such alloys.

In a regular solution with superlattice structure
(order-disorder type of alloy), the expressions for
A, F are more involved. For an AB type of super-
lattice (as in CuZn alloy), Krishnan and Bhatia®
have given expressions for Soc(0) both in the zeroth
and next higher (quasichemical) approximations.
For illustration, we quote here two results. In the
zeroth approximation, Sc(0) above the critical
temperature is given by just (32). Below the critical
temperature and for ¢ =3, Sgc(0), in the zeroth
approximation, is

1 TN
Sec®-5 (2 ) To=2is (33)

where 7 is the usual long-range order parameter
which is unity in the perfectly ordered state (T < T,)
and zero for T >T,. The temperature variation of
7 is given by n=tanh(nT,/7T). One may then verify
that Sg(0)=0 for T<<T,. As the temperature
rises, S (0) at first increases slowly and then
sharply as T approaches T,. Above T,, n=0 and
(33) reduces to (32) with c=3. As mentioned in
Sec. I, this type of variation of resistivity with
temperature is in qualitative agreement with
experiment.

When the partial molar volumes v, and v, differ
considerably from each other, a more valid ap-
proximation, in a similar vein to (31), is given by
Flory’s formula®® (see also p. 229 of Ref. 18)

A, F=NkgT[cIng +(1 —c)In(l —¢)]+Nglc)w ,
(34)

where the last term is the energy of mixing whose
concentration dependence we have not written ex-
plicitly and ¢ is the concentration by volume of
species 1, i.e.,

_ CVq _ _
“coi(-c)oy ), =c+c(l-c)b . (35)

From (34) and (26) we have

c(1-c)

See(0)= T T e =a® s e g " w/anT , 0

where a prime denotes differentiation with respect
to the argument. We see from (36) that, unlike
the case of regular solutions (6 <<1), Sc(0) now
also depends on 6. In particular, even when the
interchange energy w=0, Scc(0) is not just equal
to ¢(1 -=¢) as for a truly random (ideal) solution.

IV. COMPARISON WITH FABER-ZIMAN THEORY AND
DISCUSSION
Starting from the high-temperature limit of the
expression (3) for I(q), namely,

- 1 3. R:-RB
H@)= ¢ 2 WiWye! & Bty (37)
»d

Faber and Ziman® show that for a liquid binary al-
loy, I(q) may be written as

I(q)=c,We+c, We +c2WiHay —1) +cEWilas — 1)
+2c,0, Wy Wyla, - 1) , (38)

where, in terms of previous notation, c¢;=c¢, cy=1
—c, and a4 =a,4(q)], the partial structure factor
for the species a and 8, (a, B=1, 2), is defined as
follows:

Let P,4(r) denote the pair distribution function
defined as the probability of finding an @ ion in a
unit volume at a radius » from the center of a
ion, normalized in such a way that it tends to unity
for large ». Then

N .
aas=1+7f [Pastr) =112 g2y . (30)
0

We have P,g(r)= Py, (v) and aqp=az, -

The most straightforward way to obtain corre-
spondence between the FZ formalism and the pres-
ent work is to compare the coefficients of W, W,
in the expressions (38) and (18) for I(g). This
shows that the Syy(q), etc., defined in (19), are
related to a,p by

Swiq)= cay +ciazn+2ciczam
Sxc(@)=cicaei(ay —ass) —calas —ap)], (40)
Scc(g)=cics[1 +¢1Ca(ayy+as — 2a15)]

and, conversely,
ciay=ciSyy+2c1Syc +Scc =€1Cz
c3as5=c3Syy —2¢3Syc +Scc—¢1 ¢z, (41)

€1€2a13=C1C3Syy+(c3—C1)Syc =Scc +C1Cz «
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It will be clear from the definition (39) that all
the FZ structure factors a,s would have more or
less similar variation with ¢. This is not the case
for the S(¢)’s. For example, the simplest approxi-
mation in the FZ formalism is to take®

ap=ap=ap=a(q), (42)

say, which gives
Sumlg)=alq), Syc(q)=0, Scc(q)=cycy. (43)

Evidently (42) and (43) refer to ideal solutions
with 6=0.

Again, if one integrates (39) over all §, using
(21) and the fact that P,4(#)=0 at »=0, one finds
(Enderby et al.?')

2m) [ [ags(q) = 1]d% = -N/V , (44)

for all the partial structure factors a,;. We recall
that the sum rule (22) for Sy 4(g) is just the same
as (44). In contrast, the sum rules (23) and (24)
for Scc(g) and Syc(q), respectively, are different
from that for Sy ,(q) or a,;. We note that for alloys
in the liquid state the sum rules (22)-(24) can be
obtained by using (44) in Eq. (40).

A useful insight into the structure factor Sy (q),
which describes N-C correlations, is obtained if

5 10 15 9%

FIG. 1. Number-concentration structure factors
[Syn@), Sycl@), Scclq)], derived from the hard sphere
Percus-Yevick model calculations (Ref. 22) with ¢4
=0.2 and 0y/0,=0.9. Note that for this case Sgc(g) has
no significant variation with ¢, Further, the function
0(9)[=Syn(@) —[Syc(@)1%/Scclg)] cannot be resolved from
Syn(g in this figure.
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5 10

15 9%

FIG. 2. Number-concentration structure factors de-
rived from the hard sphere Percus-Yevick model cal-
culations (Ref. 22) with ¢;=0.6 and 0y/0,=0.7. The
function 6(g) is denoted by the broken curve.

we rewrite its expression from (40) making use of
(39). We obtain

N singv
SNc(GI)=C1CzV [[ o) ‘6’02(7’)]'q7q 4mridr |

(45)
where

®Poa=Co Pyp+CpPps -

Clearly, @ (B=1, 2) is the probability of finding
any ion (o or B) in a unit volume at a distance 7
from the center of a 8 ion, normalized in such a
way that it tends to unity at large ». If the two
types of ions have the same volume (v,=v,, 5=0)
and are of similar shape, then one may expect that
@0 ()= ®po(¥) for all . Hence, for this case,
Syc(g)=0 for all ¢ and, as mentioned earlier, only
two structure factors are sufficient to describe the
structure of the alloy completely. Scc(gq) would,
of course, be just c,;c, only if the interchange en-
ergy w defined in Sec. III is also zero, as for an
ideal solution.

In order to illustrate the variation of Sy y(q),
Syc(q), and Soc(g) with g, we have plotted these
functions in Figs. 1 and 2 for two cases. They are
constructed from the theoretical calculations of the
structure factors S,;(q), defined below, by Ash-
croft and Langreth®® for the hard sphere model in
the Percus-Yevick approximation. S,z are given
by (a’ B=1, 2)
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Sas(@)= (2N)"Hcqca) ™3 (N X(q) No(q) + Ny (q) N5 (q))

= Oyp t (CaCB)l,z(duB - 1) N (46)

which would have occurred in the expression of
I(gq) if we had used (13) instead of (14) into (1).
Figure 1 is for a smaller value of the dilatation
factor 6 than Fig. 2, as indicated by the ratio of
the molecular diameters o, /0, in the figures.

We first observe that, as expected, Syy(g) varies
with ¢ in a manner similar to the S(q) for a single
component liquid. However, Sy,(0), unlike S(0),
is not just (N/V)ksTkp. In particular, Sy,(0) in
Fig. 2 is considerably larger than in Fig. 1, which
is to be expected from the long-wavelength limit
formula (27) for Sy 4(0). Scc(q) and Syc(q) oscillate
about the values c,c, and zero, respectively.
Again, due to the dilatation factor, the oscillations
of Syc(g) are larger in Fig. 2 than in Fig. 1. A
point to note is that the amplitude of oscillations
in Sge(g) is quite small.” From what we have said
previously, one expects this result for solutions
for which (w/kzT)c(1 - c) and &% (1 ~c) are both
much less than unity.

As far as the authors are aware, the only ex-
perimentally determined partial structure factors
a,p which are available are those for liquid CugSns
(Enderby et al.?'%), S,,(q), etc., determined
from these are given in Fig. 3. We see that Sy ,(q)
and Sc¢(q) for all ¢ and Syc(q) for ¢ > 2. 2, behave
roughly in the same manner as the corresponding
functions in Fig. 2. For ¢<2.2, however, Syc(q)

Q-9

| L
2 4

|
6 9(A")

FIG. 3. Number-concentration structure factors de-
rived from the experimentally determined FZ partial
structure factors in Cug Sn; (Ref. 21).
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dips down and gradually approaches nearly zero
instead of tending to the value

Syc(0)= - 85S¢ (0)=0.85:(0) ,

expected from (28) and the fact that for CugSns,

~ - (0.8. We believe it not unlikely that this dis-
crepancy is due to extreme difficulties in disen-
tangling a,, from the neutron scattering data, parti-
cularly at low values of q.

To have some idea of the values of a,5(0) expected
thermodynamically, let us take, as an illustration,
in expression (36) the quantity c(1 —c)g’’(c)w/ksT
to be 0.5 (for ¢=%), a value not untypical for a
50-50 alloy which exhibits short-range order.
from (36) and Eqs. (26)—(28), we obtain S (0)
=~ 0.16, Syc(0)=~ 0.13, and Sy,(0)= 0. 14, where we
have taken 6=—0.8 and (N/V)kzTky~ 0.04. Hence,
from (41), one obtains

Then

a,,(0)= 0.3, a(0)~-0.8, and a,;(0)=0.5,

the index 1 referring to copper. If we take w=0,
the corresponding values of a,z(0) are

a11(0)=0.7, a,(0)~ -0.7, and a;»,(0)~0.3.

We note that 6 and ¢ for CugSn; are quite close to

those for which Sy (¢), etc., are given in Fig. 2

on the basis of the hard sphere model calculations
by Ashcroft and Langreth.?* The values of S (0),
etc., in Fig. 2 imply

@,,(0)~ 0.7, as(0)~ -0.8, anda;,(0)~0.1.

The three sets of values of a,4(0) given above may
be contrasted with the experimental set in Ref. 21,
namely,

a1,(0)=0. 05, @5,(0)=2 0.0, and a;,(0)=0.35 .

Finally, it is of interest to mention that the
long-wavelength limit formulas (26)-(28) for Sy ,(0),
etc., suggest the introduction of two related func-
tions. Let

A(G)=Syc(a)/Sce(Q) (47)
6(q)=Syy(q) -[A(T)]*Scc(Q) - (48)

Since A(0)= -5, A(Q) may be called the dilatation
function. 6(q) has the property that 6(0) = (N/V)
XkpTkyp. We note that since by definition
Syx(Q) and Sg(q) are positive for all §, and since
Syn (@) Sce(q) —[Sye(Q)]? must be greater than or
equal to zero if I(q) is to be positive for all real
values of W, and W,, it follows that 6(q)= 0 for all
Q. The difference between 6(q) and Sy 4(9Q) is il-
lustrated in Figs. 1 and 2.
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In terms of 6(Q) and A(q), the expression (18)
for I(Q) may be written as

HQ)=(WPo(Q)+(W{-Wj)Scc(d) (49)

where

Wi=W,[1+cAQ)], Wi=W,[1-(1-¢)a(J)].

(50)

Such a form for I('cl) is reminiscent of the treatment
given by FZ® for the case of low concentration.
The function ¢(q) introduced there is such that

0(0)==06=~(vy—vy) /vy forc<1
and is similar to the function A(q).

The form (49) for I(q) may be useful in interpret-
ing experimental data on the resisitivities in some
alloys. This is because, first, 8 and consequently
A(Q) and W - W} may be considered practically
independent of temperature. Second, if the mixture
is near ideal or athermal (w=~0), SoJ(q) will
also be independent of temperature, so that all the
temperature dependence of I (q) would be concen-
trated in the single function 6(9).

V. CONCLUSION AND SUMMARY

In this paper, it has been shown that in the weak
scattering approximation, the scattering function
I(q), occurring in the expression for the resistivity
of a binary alloy, may be quite generally written
in terms of three structure factors, Syy(Q), Sy (),
and S¢c(q), constructed from the Fourier trans-
forms of the local number density and concentration
of the alloy.

At temperatures above the Debye temperature,
these structure factors have the property that in
the long-wavelength limit (g -~ 0), Sy,(0), and
Scc(0) represent, respectively, the mean square
fluctuations in the ion number and their concentra-
tion, and Sy (0) describes the average of the cor-
relations between these two fluctuations. Thermo-
dynamic formulas for these averages and hence for
Sy »(0), Syc(0), and Sc(0) are given, and their con-
centration and temperature dependence are ex-
amined for different types of mixtures. For liquid
alloys, the expression for I (Q) given here is, of
course, formally equivalent to that of FZ, and the
FZ partial structure factors are linear combina-
tions of Sy y(4), Scc(q), and Syc(q). Our work
shows that the present formalism provides rather
readily some additional information on the struc-
ture factors which can be useful in interpreting the
various experimental data. This is desirable, par-
ticularly since both the theoretical and experi-
mental (via neutron and x-ray scattering) techniques
for determining the structure factors are, as yet,
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of limited applicability.

At low temperatures, where the inelastic nature
of the scattering has to be considered, the evalua-
tion of Syy(3q), etc., requires the knowledge of the
dynamical structure factors SNN(E, w), etc., in-
troduced in Eqgs. (16). We may note that the ex-
pression for the inelastic scattering, per unit solid
angle, per unit energy range, of thermal neutrons
by the alloy may also be written in terms of
Syn(d, w), etc., it is essentially I'(q, ), Eq.

(15), with appropriate W’s. Hence it is, in princi-
ple, possible to determine them experimentally.

It is hoped that the low-temperature formalism
given here may be useful in such problems as the
calculation of electrical resistivity of alloys where
the two types of ions have different?* atomic radii,
masses, and force constants.

APPENDIX

Let N; and N, denote the mean number of atoms
of the two types in a given macroscopic volume V
(in thermal bath with the rest of the medium) and
let AN; and AN, denote the instantaneous deviations
from the mean. The probability for these devia-
tions is given by'®'" (,j=1, 2)

F,,AN;A
w=wgyexp (—Z —“‘—2——-1——]!1) , (A1)
i kpT
where w, is the normalization constant and
3’F Opy
Fu=\ow,on “\aN,;
194 Jv,r i/Tv.N*
- <?ﬁz> =F,, (A2)
ON; Jr,v,n¢
9F 9G
4 (6 D ™ (550 o “3)

In (A2) and (A3), F and G are, respectively, the
Helmholtz and Gibbs free energies, u; is the chem-
ical potential for the species ¢, and the subscript
N’ indicates that a N; with respect to which differ-
entiation is not being carried out is held constant.
From the property of the Gaussian distributions,
one has

(AN{AN;) =kgT(F™)y, , (A4)

where (F-'),, is the i~j element of the inverse
matrix of F;.

Now

(oG
8N Jr,v,n+ \®N; Jr,p,v  (Vkr)

where v;=(dV/3N,)r p, y+ is the partial molar

(A5)
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volume, per atom (molecule), for the species ¢
and V=N,v;+N,v,. Hence

2 F,jANiAN,:VL(vIANI+v2AN2)2
i,7 Kr

< [ou;
+2 (——’ AN, AN; . (A86)
i i aNi)T,P,N' P

Using the Gibbs-Duhem relations

2
au
2 N(-—f-> =0, j=1,2
i=1 "\ON; /7 py+ I=%

to simplify the sum in (A6) and remembering that

AN=AN;+AN, and NAc=(1 -c)AN; —cAN,, one
obtains

i’Zj F,;AN;AN;= (—(KTVTZ)>[AN+N(AC)6]2 +B(Ac)?
(A7)

where 5 is given by (29) and

N*\/0u, 892G
B={—7=% )| ;75 =(—% . (A8)
<N2>(3N1>T,P,N' (802>T,P,N

Substituting (A7) in (A1) and using expressions of
the type (A4) for the averages, one immediately
obtains the relations (26)—(28).
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